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Abstract 

Let G be an unicyclic graph of order n and let Qg{x) = det{xl — Q{G)) = 
Yll=i{~^y be the characteristic polynomial of the signless Laplacian 
matrix of a graph G. We give some transformations of G which decrease all 
signless Laplacian coefficients in the set Q{n,m). Q{n,m) denotes all n-vertex 
unicyclic graphs with matching number m. We characterize the graphs which 
minimize all the signless Laplacian coefficients in the set Q{n,m) with odd 
(resp. even) girth. Moreover, we find the extremal graphs which have minimal 
signless Laplacian coefficients in the set G{n) of all n-vertex unicyclic graphs 
with odd (resp. even) girth. 
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1 Introduction 

Let G be a simple undirect unicyclic graph. V{G) and E{G) denote its vertex 
set and edge set, respectively. For every unicyclic graph G, \V{G)\ = \E{G)\. Let 
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d{vi) denote the degree of vertex Vi, and let D{G) = diag{d{vi), d{v2), ■ ■ ■ , d{vn)) be 
the diagonal matrix of G. Furthermore, let A{G) be the adjacent matrix of G. The 
Laplacian matrix of G is L{G) = D{G) — A{G), and the Laplacian characteristic poly- 
nomial is denoted by Lg{x) = det{xl — L{G)) = Y^l^i{—l)''ckx"^'' . The Laplacian 
coefficients Ck{G) of a graph G can be expressed in terms of subtree structures of G 
by the following result of Kelmans and Chelnokov [16]. Let F be a spanning forest 
of G with k components Ti,T2, ■ ■ ■ ,Ts, Ti has |l^(Tj)| vertices, let 

Theorem 1.1 ([W]) Let J^k be the set of all spanning forests of G with exactly 
k components. Then the Laplacian coefficient Cn^k{G) is expressed by Cn-k{G) = 

Recently, the study on the Laplacian coefficients have attracted much attention. 
Mohar [T7] fist investigate the Laplacian coefficients of acyclic graphs under the partial 
order ^. Zhang et al. [21] investigated ordering trees with diameters 3 and 4 by the 
Laplacian coefficients. Ilic [13] determined the n-vertex tree of fixed diameter which 
minimizes the Laplacian coefficients. Ilic [H] determined the n-vertex tree with given 
matching number having the minimum Laplacian coefficients. He and Li [llj studied 
the ordering of all n-vertex trees with a perfect matching by Laplacian coefficients. Die 
and Ilic [12] studied the n-vertex trees with fixed pendent vertex number and 2-degree 
vertex number which have minimum Laplacian coefficients. Stevanovic and Ilic |19] 
investigated the Laplacian coefficients of unicyclic graphs. Tan [20] characterized the 
determined the n-vertex unicyclic graph with given matching number which minimizes 
all Laplacian coefficients. He and Shan [10] studied the Laplacian coefficients of 
bicyclic graphs. 

The signless Laplacian matrix of G, Q{G) = D{G) + A{G), which is related to 
L{G), has also been studied recently (see [1-5, [IB]]). The signless Laplacian char- 
acteristic polynomial is denoted by Qg{x) = det{xl — Q{G)) = X]r=i ("-'-) Vi^^""*- 
Using the notation from [2], [18], a TU-subgraph of G is the spanning subgraph of G 
whose components are trees or odd unicyclic graphs. Assume that a TU-subgraph H 
of G contains c odd unicyclic graphs and s trees Ti, ■ ■ ■ , T,. The weight of H can be 
expressed by W{H) = 4:'^Y[i=i which Ui is the number of Tj. If if contains no 

tree, let W{H) = 4^. If H is empty, in other words, H does not exist, let W{H) = 0. 
The signless Laplacian coefficients (pi{G) can be expressed in terms of the weight of 
TU-subgraphs of G. 
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Theorem 1.2 (W^. ITB^ ) Let G be a connected graph. For (ft as above, we have (po = I 
and 

where the summation runs over all TU-subgraphs Hi of G with i edges. 

From Theorem ll.2[ it is obvious that for a tt,- vertex connected unicychc graph G, 
(pi{G) = 2n. Let g be the girth of G, which is the length of the cycle, if g is odd, 
y^niG) = 4. When g is even, G is bipartite graph, then ipn{G) = 0, and ipn-i{G) 
counts the number of all spanning trees of G, thus (pn~i{G) = n ■ g. When G is 
bipartite graph, L{G) and Q{G) have the same characteristic polynomial, so q(G') = 
iPi{G),i = 0, 1, 2, ■ ■ ■ ,n, and the expression of ipi in Theorem ll.2l is equivalence to the 
expression of q in Theorem II .![ 

The eigenvalues of L{G) and Q{G) are denoted by f^i{G) > ■ ■ • > f^n{G) = and 
^i{G) > ■ ■ ■ > i^n{G), respectively. The incidence energy of G, IE{G) for short, is 
defined as IE{G) = ^.ti V^MG) (see [7], [8], [15]). 

Mirzakhah and Kiani [18] presented a connection between the incidence energy 
and the signless Laplacian coefficients. 

Theorem 1.3 (JT8]) Let G and G' be two graphs of order n. If ipi{G) < ^i{G') for 
l<i<n, then IE{G) < IE{G') and IE{G) < IE{G') < V5,(G") for some i 

holds. 

Let G be a graph which is not a star, let f be a vertex with degree p + 1 in G, such 
that it is adjacent with {u, vi, f 2, ■ ■ ■ , Vp}, where {vi, f 2, ■ ■ ■ , Vp} are pendent vertices. 
The graph G' = cr(G, v) is obtained from deleting edges vvi,vv2, ■ ■ ■ , vVp and adding 
edges uvi, UV2, ■ ■ ■ , uVp. 

Theorem 1.4 (118]) Let G be a connected graph and G' = a{G,v), then fi{G) > 
ipi{G'), for every < i < n, with equality if and only if either i G {0,1, n} when G is 
non-bipartite, or i E {0, l,n — l,n} otherwise. 

Let G = Gi\u : G2\v be the graph obtained from two disjoint graphs Gi and G2 
by joining a vertex u of Gi and a vertex v of G2 by an edge. For any graph G and 
V E V{G), let Lg\v{x) be the principal submatrix of Lg{x) obtained by deleting the 
row and column corresponding to the vertex v. 
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Theorem 1.5 (161) If G = Gi\u : 6*21'^, thenLoix) = Lg^{x)Lg2{.x)—Lg^{x)Lg2\v{x) — 
Lg2{x)Lgi\u{x). 

Theorem 1.6 (JWJ) If G be a connected graph with n vertices which consists of a 
subgraph H{V{H) > 2) and n — \ V{H)\ pendent vertices attached to a vertex v in H , 
then Lg{x) = (x - - (n - \V{H)\)x{x - Lh\v{x) . 

Throughout this paper, we use the foUowing notations. Let Q{n) be the set of aU 
unicychc graphs of order n. Let Q{n,m) be the set of all ra- vertex unicyclic graphs 
with matching number m. Let Q{n,m) = Qg-^{n,m) U Qg^{n,m), where Qg-^{n,m) 
(resp.^c,2(n, m)) denotes the subset of Q{n,m) with odd (resp. even) girth. Similarly, 
we can define the subsets Gg^in) and Gg2{n) of Q{n). 

Denote M{G) a maximum matching of G, for G G Q{n,m), \M{G)\ = m. Using 
notations from [20j, for a nonpendent edge uv of G, E^^^ = E^^ denote the set of 
all edges incident to u except uv. u is saturated by the edge uv in M{G) means 
uv e M{G). 

Mirzakhah and Kiani in [TH] gave some results about the signless Laplacian co- 
efficients of a graph G and ordered unicyclic graphs with fixed girth based on the 
signless Laplacian coefficients. Motivated by this result, we characterize the graphs 
which have minimum signless Laplacian coefficients in (n, m) , Qg,^ {n, m) and Qg^ (n) , 
Qg2{n). Let Gg{si,ti; S2,t2, ■ ■ ■ , Sg,tg) denote the connected unicycUc graph of order 
n obtained from a cycle C : uiU2 ■ ■ ■ UgUi by adding Si pendent paths of length 2 and 
ti pendent edges at the vertex Ui{i = 1, 2, ■ ■ ■ ,g). 

This paper is organized as follows: In the next section, we introduce several 
transformations which simultaneously decrease all the signless Laplacian coefficients. 
In Section 3, we order all the n-vertex graphs in the sets ^3(si, ti; S2, ^2; sa, ts) and 
^4(51, ti; S2, ^2; "53, ts; S4, ^4) with given matching number m. In Section 4, by using 
the results of Section 2 and Section 3, we characterize the extremal graphs which 
have minimal signless Laplacian coefficients in Qg-^{n,m) (resp. Qg2{n,m)), as well as 
incidence energy. In Section 5, similar to the methods which are used in Section 4, 
we give the extremal graphs which have minimal signless Laplacian coefficients and 
incidence energy in the set Gg^in) (resp. Gg2{n)). 
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Figure 1: Transformation in Definition 2.1 

2 Transformations 

A pendent edge is an edge which is incident to a vertex of degree 1. A pendent 
path of length k attached to m is a path UV1V2 ■ ■ - Vk, satisfying d{vi) = d{v2) = ■ ■ ■ = 
d{vk-i) = 2,d{vk) = 1 and d{u) > 3. Let Ng{v) denote the neighbors of v in the 
graph G. 

For V G V{G), the subgraph G\{v} denotes the graph obtained by deleting the 
vertex v and all its incident edges. Denote the cycle of G as C, if the girth of G is g, 
write C as Cg. Assume V{Gg) = {ui,U2, ■ ■ ■ ,Ug}, after deleting all the edges of the 
cycle, g trees rooted at mi, M2, ■ ■ ■ , Ug are obtained, denote them as T^, T^, ■ ■ ■ , T^. 

For two vertices u,v in G, the distance distciu^v) of m,w equals the length of 
the shortest path in G. Let distclv, C) denote the distance between the vertex v 
and the cycle C in G, and distaiy^G) = mm{distG{u,v) : u G G)}. If f G T^, 
distciy^G) = distciy^Ui). A branch vertex is a vertex with degree at least 3. 

Definition 2.1 Let G he a simple connected graph with n vertices, and let uv he a 

nonpendent edge not contained in the cycle of G, let Guv ohtained from G hy iden- 
tifying vertices u and v and add a new pendent edge ww' to the new vertex w. (see 

fig-1)- 

Theorem 2.2 Let G he a n-vertex unicyclic graph, let G and Guv he the two graphs 
presented in definition 2.1. Then 

(Pi{G) > ipi{Guv),i = 0, 1, ■ ■ ■ , n, 

with equality if and only if either i G {0, 1, n} when G is non-hipartite, ori& {0, 1, n — 
l,n} otherwise. 

Proof. From Theorem II. 2[ according to the previous section, we have 

fo{G) = ipo{Guv),<^l{G) = ipi{Guv),fn{G) = (fn{Guv)- 
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When G is bipartite graph, since this transformation does not change the length of 
the cycle, we have (G) = i^n-iiGuv)- 

When G is non-bipartite, for 2 < i < n — 1, denote "H- and "Hj the sets of all 
TU-subgraphs of Guv and G with exactly i edges, respectively. For an arbitrary TU- 
subgraph H' G "H^, let R' be the component of H' containing w. Let Njii{w)r\NG{u) = 
{ui,,Ui„--- where < r < mmidciu) - l,|V^(i?')l - Nniw) H Ndv) = 

{vi„Vi^,-- ■ ,Vi,}, where < s < min{dG(^^) - 1, \V{R')\-1}. Define if with V{H) = 

V{H') - {w,w'} + {u,v}, if ww' ^ E{H'), E{H) = E{H') - wui^ wui^ - 

wvi^ — ■ ■ ■ — wvi^ + uui^ + ■ ■ ■ + uui^ + vvi^ + ■ ■ • + vvi^. If ww' G E{H'), let E{H) = 

E{H')—WUi^ — - ■ ■—WUi^.—WVi^—- ■ ■ — WVi^+UUi^ + - ■ ■ + UUi^ + VVi^ + - ■ ■ + vvi^+uv — ww' . 
Let / : -> H,, and U* = f{H[) = {f{H')\H' G U'^. 

Now we distinguish H'^ into the following three cases. Denote Gi the connected 
component containing u after deleting uv from G, and let G2 be the connected com- 
ponent containing v after deleting uv from G. 

Case 1: ww' G then and H' have all the components of equal size, thus 
W{H) = W{H'). 

Case 2: ww' ^ if', w is in an odd unicyclic component U' of H', By the symmetry 
of Gi and G2; without loss of generality, assume Gi contains an odd cycle as a 
subgraph. Assume U' contains a vertices in G2\{w} (a > 0), then W{H') = 4-1 ■ N, 
for some constant value N, W{H) = 4 ■ {a + 1) ■ N . Thus W{H) > W{H'). 

Case 3: ww' ^ H', w is in a tree T' of H'. Assume T' contains b vertices in 
Giyjw} and c vertices in G2\{w}, then W{H') = (6 + c + 1) ■ 1 ■ A^, for some constant 
value N, W{H) = {b + 1) ■ {c + 1) ■ N . Thus W{H) > W{H'). 

Therefore, by above discussions, (pi{G) > {pi{Guv),i = 2, ■ ■ ■ ,n — 1 holds. 

When G is bipartite, it is easy to prove fi{G) > ipi{Guv),i = 2, ■ ■ ■ , n — 2 by using 
above discussions of Case 1 and Case 3. ■ 

Remark. When the subgraph induced by ^((^2) is a star, it is easy to see that the 
result of Theorem 11.41 is a special case of Theorem 12.21 

When E^^ n M{G) = 0, if uv G M(G), then M(G„^) = M{G) - {uv} + {ww'}. If 
vvi G M{G), for some Vi e G2, then M(G„^) = M(G) - {vvi} + {ww'}. 

When E^^ fl M{G) = 0, the discussion is similar. 

Thus if E^^ n M{G) = or E^^ f] M{G) = 0, we have \M{G)\ = \M{Guv)\- 

Definition 2.3 Let G be a n-vertex unicyclic graph, and let uv he a nonpendent edge 
of G not contained in the cycle, dciu) > 3,dG{v) > 2 and uu' is a pendent edge. Let 
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Figure 2: Transformation in Definition 2.3 

G'^^ he the graph obtained by deleting vertex u' and edge uv, identifying u and v to a 
new vertex w, and adding a pendent path ww'u' to the new vertex w. (see fig.2). 

Theorem 2.4 Let G be a n-vertex unicyclic graph, let G and G'^^ be the two graphs 
presented in definition 2.3. Then 

'{'li.G) > (PiiG'^^), z = 0, 1, ■ ■ ■ , n, 

with equality if and only if either i G {0, l,n} when G is non-bipartite, ori E {0, l,n — 
l,n} otherwise. 

Proof. For the case ^Pi{G) = ipi{G'^^), the proof is similar to Theorem 12.21 Thus 
suppose G is non-bipartite and 2 < i < n — 1, denote and Tii the sets of all 
TU-subgraphs of G'^^ and G with exactly i edges, respectively. For an arbitrary TU- 
subgraph H' G "H^, let R' be the component of H' containing w. Let Njii{w)nNG{u) = 
{ui„Ui„ ■ ■ ■ ,Ui,.}, where < r < mm{dG{u) - 2, \V{R')\ - 1}, Nr,{w) n Ng{v) = 
{vi„Vi^,-- ■ where < s < mm{dG{v)-l, \V{R')\-1}. Define if with V{H) = 

V{H') - {w,w'} + {u,v}, if ww' ^ E{H'), E{H) = E{H') - wm, wm^ - 

wvi-^ — ■ ■ ■ — wvi^ + uui^ + ■ ■ ■ + uui^ + vvi^ + ■ ■ ■ + vvi^. If ww' G E{H'), let E{H) = 

E{H')—WUi^ — - ■ ■—WUi^.—WVi^—- ■ ■ — WVi^+UUi^ + - ■ ■ + UUi^ + VVi^ + - ■ ■ + vvi^+uv — ww' . 

Let f-.n',^ n,, and = f{H[) = {f{H')\H' G H[}. 

If we include w, w' in a component of H', we have components of equal size in 
both TU-subgraphs {H and H'), then W{H) = W{H'). Now we can assume w,w' 
belong to two components of H' and distinguish 7/ • into the following three cases. 
Denote Gi the subgraph containing u obtained by deleting uv and uu' from G, and 
let G2 be the connected component containing v after deleting uv from G. 

Case 1: is in an odd unicyclic component U' of H' and the cycle is a subgraph 
of Gi. 
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Subcase 1.1: w'u' ^ H' , assume U' contains 61 vertices in the subgraph G2\{u}}, (61 > 
0), then W{H') = 4 • 1 • 1 • A^, for some constant value N. W{H) = 4 ■ (61 + 1) ■ 1 • iV, 
then W{H) > W{H'). Denote this set of H' as K'n. 

Subcase 1.2: w'u' e H', assume U' contains 62 vertices in the subgraph G2\{w}, (62 > 
0), then W{H') = 4 • 2 • A^, for some constant value N. W{H) = 4 • (62 + 1) • A'", then 
when 62 > 1, W(H) > W(H'). When 62 = 0, W(H) < W(H'), denote this set of H' 
as '^12' 

Since the subgraph induced by V{G2) is a tree, and v is not a pendent vertex, 
d{v) > 2. Suppose one neighbor vertex of v except u is Ui, Ui e T' C H' and 
\T'\ = c > 1. Then for every TU-subgraph e n'12, let H'^^H'^- w'u' + wui, Hi = 
H2 — uu' + vui, it is obvious that i?( e T-L'n and the mapping /i : 'H'12 — > T-L'n is 
an injection. Then W{H'2) — A ■ 2 • c ■ Ni, for some constant value A^i. W{H2) — 
4 • (1 + c) • A^i, and W{H'i) = 4 • 1 • 1 • A^i, W(Hi) = 4 • 1 • (1 + c) • A^i. Therefore, 

J2 mHi)-wm]+ J2 [wm-wiH!,)] 

> ^ (4 + 4c-8c)-A^i+ J2 (4c)-A^i 
= 4 A^i > 

Case 2: w is in an odd unicyclic component U' of H' and the cycle is a subgraph 
of G2. 

Subcase 2.1: w'u' ^ H' , assume U' contains oi vertices in the subgraph Gi\{w}, (oi > 
0), then W{H') = 4 • 1 • 1 • A^, for some constant value A^. W{H) = 4 • (ai + 1) • 1 • AT, 
then W{H) > W{H'). Denote this set of H' as n'21. 

Subcase 2.2: w'u' € H', assume U' contains 02 vertices in the subgraph Gi\{w}, (02 > 
0), then W{H') = 4 • 2 • A^, for some constant value A^. W{H) = 4 • (02 + 2) • A^, then 
W{H) > W{H'). 

Case 3: iv is in a tree T' of H'. 

Subcase 3.1: w'u' ^ H', w E T' G H' and T' contains mi vertices in the subgraph 
(mi > 0). and ni vertices in the subgraph G2\{^}, (^^i > 0). Then W{H') = 
{nil + ni + 1) ■ 1 ■ 1 ■ A^, for some constant value A^. W{H) — (mi + 1) • (ni + 1) -1 ■ N, 
then W{H) > W{H'). Denote this set of H' as n'^i- 

Subcase 3.2: w'u' G H', w E T' G H' and T' contains m2 vertices in the subgraph 
Gi\{w}, (m2 > 0), and n2 vertices in the subgraph G2\{w}, {n2 > 0). Then W{H') = 
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(m2 + n2 + 1) ■ 2 ■ A^, for some constant value A^. W{H) = {1112 + 2) ■ (^2 + 1) ■ A^, then 
W{H) - W{H') = m2 ■ (^2 - 1) ■ A^. If m2 = or m2 > 0,^2 > 1, W{H) > W{H') 
holds. If 1712 > 0,n2 = 0, the inequality W{H) < W{H') is obtained. Denote this set 
of H' as n'32- 

Now we discuss the subcase in which H' G ^33. Since v is not pendent vertex, 
d{v) > 2, assume there is at least one neighbor vertex of w in V{G2), denoted by Vi, 
which satisfies Vi G T{, \T[\ = p,{p > 1). Denote the set of H' of this kind as T-L'^2^ . 
For every TU-subgraph H[ G 'H'}2\ let H2 = H[—w'u'+wvi, H2 = Hi—uu'+vvi. It is 
obvious that G H'^i and the mapping /2 : ^.'^2^ — )■ "Hg^, 7/32'' — > "Hsi is an injection. 
ThenW{H[) = (mi + 1) ■ 2 -p-A^, for some constant value A^. W{Hi) = {mi + 2)-l-p-N, 
and W{H^) = {mi + 1 + p) ■ 1 ■ 1 ■ N, W{H2) = (mi + 1) ■ 1 ■ + 1) ■ A^. Then 

[wm-wiH[)]+ J2 [wm-wiH',)] 

- $Z Y p-TTli- N = 0. 

If all the neighbors of w in V{G2) are in an odd unicyclic component U', then 
denote the set of H' of this kind as 'H32 . For every TU-subgraph H[ G 'H32 , let 
H2 = H[ — w'u' + wvi, H2 = Hi — uu' + ff 1, it is obvious that H'2 G 'H'21 and the 
mapping /g : V!^^^ ^ ^21. ^21 is an injection. Then W{H[) = 4-2-(mi + l)-A^, 

for some constant value A^. W{Hi) = A ■ 1 ■ {nii + 2) ■ N, and WiH!^) = 4 ■ 1 ■ 1 ■ A^, 
W{H2) = 4 ■ 1 ■ (mi + 1) ■ A^. Then 

J2 [w{Hi)-w{H[)]+ J2 [wm-wm] 

> ^ (-4 . rTii . A^) + (4 ■ mi ■ A^) = 

It is easy to see that the correspondence from H' to H defined above is an injection. 
By summing over possible TU-subsets of i edges of G'^^, from Theorem ll.il the results 
is obtained. 

When G is bipartite, it is easy to prove ipi{G) > ipi{Guv),i = 2, ■ ■ ■ , n — 2 by using 
above discussions of Case 3. ■ 

Remark. Assume uu' G M{G). 



9 




■o w 



Figure 3: The Transformation of Definition 2.5 
If n M{G) = {vvj} for some Vj G Ga, then M(G^J = M{G) - {uu',vvj} + 

{w'u', WVj}. 

If E^^^ n M{G) = and all neighbors of u in Gi are saturated in M{G), then 
M{GU = M{G) - {uu'} + {w'u'}. 

If E"^^ n M{G) = and there is one neighbor Ui of u in Gi which is not saturated 
in M(G), then M(G;J = M(G) - {uu'} + {w'u', wm}. 

Thus, after the transformation of Definition EJl = \M{G)\ or |M(G)| + 

1. 

Definition 2.5 Lei G be a n-vertex unicyclic graph with girth g, n > 6, there are 
only pendent paths of length at most 2 attached to the cycle Gg. u,v,w are on 
the cycle of length at least 5 and u ^ v,v ^ w. (see fig.3). Assume Ng{u) = 
{f , Ml, U2, - ■ ■ }, Ng{v) = {m, w, Vl, V2, - ■ ■ }, Ng{w) = {v, Wi, W2, ■ ■ ■ }, then the graph 

G' = G — {wWi, WW2, ■ ■ ■ , VVi,VV2, ■ ■ ■ } + {uWi,UW2, ■ ■ ■ , UVi, UV2, ■ ■ ■} 

Theorem 2.6 Let G and G' be the two graphs presented in Definition \2.5[ and the 
length of the cycle of G is g. Then 

(Pi{G) > ipi{G'), z = 0, 1, • ■ ■ , n, 

with equality if and only if i & {0, l,n}. 

Proof. For i G {0, 1, n}, the proof is similar to Theorem 12.21 Thus suppose 2 < i < 
n — 1, denote and T-Li the sets of all TU-subgraphs of G' and G with exactly i 
edges, respectively. 

First assume g is odd. For an arbitrary TU-subgraph H' G H-, let R' be the 
component of H' containing u. Let Nri{u) fl Ng{w) = {wij^,Wi^,--- ,Wi^}, where 
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< r < mm{dGH - 1,\V{R')\ - 1}, Nr,{u) H Ndv) = {vi„v^„■■■ ,Vi^}, where 
< s < mm{dG{v) - 2,\V{R')\ - 1}. Define H with V{H) = V{H'), E{H) = 

E{H') - uwi^ uwi^ — uvi^ uvi^ + wwi-^ H h wwi^ + vvi^ H h vvi^. 

Denote U and U' be the connected component of H and H' containing an odd cycle, 
respectively. Let / : ^ Ui, and U* = /(T^Q = {f{H')\H' e 

For convenience, write l-L'^ etsT-L', and T-Li asT-L. If we include li, t), w in a component 
of H', then we have components of equal sizes in both TU-subgraphs H' and H, and 
thus W(H) = in these cases. Denote = {H'\uv e e H'}. Now 

we can assume that u,v,w belong to 2 or 3 components. 

We distinguish H' into the following two cases. 

Case 1: u is not in an odd unicyclic component of H', then all components of 
H' are trees. Assume u e and there are ai vertices in V{Ti^) fl V{T[) and 
the vertices in the counter-clockwise of u (excluding u), and as vertices in the set 
V{T^) n V{Tl) (excluding v), 02 vertices among the set V{T^) (1 V{T[) and the 
vertices in the clockwise of u (excluding w) (01,02,03 > 0). Actually in this case, 
as — s. Denote N the product of all the orders of components of H' except the 
components containing u,v,w. 

Subcase 1.1: uv G H',vw ^ H', then W{H') = (ai + 02 + 03 + 2) ■ 1 ■ A^, for 
some constant value A^. W{H) = (ai + 03 + 2) ■ (02 + 1) ■ A^, so W{H) - W{H') = 
[a2 ■ (ai + 03 + 1)] ■ A^ > 0. Denote = {H'\u E T[,uv G H'.vw ^ H',ai = 0}, 

^/(i2) _ |^/|^ g j./^^^ ^ ^/^^^ ^ ^/^^^ > Then E/f'eK'(ii)[^(^) - W{H')] > 
0, and Ewen'i^^AWiH) - W^(iJ')] > 0. 

Subcase 1.2: uv, vw ^ H', W{H') = (ai + 02 + 03 + 1) ■ 1 ■ 1 ■ A^, for some constant 
value N. W{H) = (ai + 1) ■ (02 + 1) ■ (03 + 1) ■ A^, so W{H) - W{H') > 0. Denote 
^/(2i) _ |^/|^ ^ Ti',Mt;,?;w; ^ i/', ai = Oor 02 > 1}, H'^'^^'^ = {H'\u G T(,Mt;,t;u; ^ 
i^',ai > 1,02 = 0}. Then EweWimi^iH) - W{H')] > 0, and EweWi^^^i^W - 
W{H')] > 0. 

Subcase 1.3: uv ^ H',vw G H', then l^(if') = (ai + 02 + 03 + 1) ■ 2 • A^, for 
some constant value A^. W{H) = (oi + 1) • (02 + 03 + 2) • iV, then W{H) - W{H') = 
(ai - 1) ■ (02 + as) • A^- 

Denote n'^^°^ = {H'\u G Ti,uv ^ H',vw G H',ai > 1}, ^ |^/|^ ^ j.^^^^ ^ 

H',vw G if',ai = 0,02 > 1}, ^'^^^^ = e ^ G H',ai = 02 = 0}. 

then 

J] [W{H)-W{H')]>0, 
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and for every TU-subgraph H'^^^^ e H'^^^\ let H'^^^^ = H'^^^^ - vw + uv,H^^^^ = 
//(3i) -yw + uv, it is obvious that H'^^'^^ e ^'(^i), and the mapping /i : T^'^^^ 
^/(ii)^ ^(31) ^ ^(11) injection. Then W(H'^^^^) = {a2 + as + 1) ■ 2 ■ N, for some 
constant value A^. W{H^^^^) = (02 + 03 + 2) • 1 -AT, and = (02 + 03 + 2) • 1 -AT, 

iy(//(ii)) = (02 + 1) • (03 + 2)-N. Then 

{ J2 + J2 )mH)-W{H')] 

> Yl [-(02+03) -iv] + Yl [(02 • 03 + 02) • A^] 

^/(3i)g^/(3i) if'(ii)e/iCH'(3i)) 

= Y [(02 - 1) ■ 03 ■ AT] > 0. 

ii-'(31)g^/(31) 

For every TU-subgraph ^ 7{'(32) ^ ^ f/"'(32) g^^^j assume is in a tree 

of order c in //'(32). Let i/'^^^) = //'(32) _ + uui,H(^^^ = i/(32) _ + ^^^^^^ jt 
is obvious that e 7{'(22) and the mapping : H'^^^^ ?{'(22), 7^(32) ^ 7^(22) 

is an injection. Then W{H'^^'^^) = (a^ + 1) ■ 2 ■ c ■ N, for some constant value N. 
iy(ii-(32)) = (03 + 2) • 1 • c • AT, and W{H'^^^^) = (03 + 1 + c) • 1 • 1 • AT, iy(//(22)) = 
(03 + 1) • (1 + c) • 1 • N. Then 

(5^ + 5^ )r(i/)-w^(i/')] 

= J] [Ty(//(=^')) - W(//'(=^2))] + J] [iy(//(22)) - W{H'^''^^)] 

iJ'(32)g^/(32) ^/(22)g^/(22) 

> J] (-03-c-Ar)+ J] (o3-c-Ar) = 0. 

i?'(32)g^'(32) ^/(22)g_^2(?^'(32)) 

Case 2: is in an odd unicyclic component C/' of if'. Assume the number of 
vertices of U' which are incident to the vertices of the cycle of G' is d{d> 0). 

Subcase 2.1: uv ^ H',vw H', then W{H') — A ■ 1 ■ 1 ■ N, for some constant 
value N. W(H) > (g - 1) ■ 1 ■ N, so W(H) - W(H') > (g - 5) ■ N > 0. Denote 
^/(4) ^ |^/|^ g ^ ^/ ^ ff>y^ ^Yien J2H'eH'w[W(H) - W(H')] > 0. 

Subcase 2.2: uv H', vw e if', then l^(ii"') = 4 • 2 • A^, for some constant value 
A^. W(H) > (g + d)-N > g-N, then ly(ii) - W^(ii') > (g + d-8)-N> (g-8)-N. 
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Denote = {H'\u G U',uv ^ H',vw e H',d^O,g = 5}, and n'^^^^ = {H'\u G 

U', uv ^ H', vw eH',d> lor ^ > 6} . 

Subcase 2.3: uv G H',vw ^ H' , then W{H') = 4 • 1 • A^, for some constant value 
N. W{H) >{g + d)-N>g-N,so W(H) - W{H') > {g + d - A) ■ N > (g - 4) ■ N. 
Denote = {H'\u G [7',-^^; G H',vw ^ H',d^O,g^ 5}, and T^'^^^) = {H'\u G 

[/', w^; G H', vw ^H',d> lor g > 6}. 

For every //'(^i) ^ ^/(6i)^ ^/(5i) ^ ^/(6i) _ ^i^; + it is obvious that i/'^^^) G 

and /a : T^'^^^) H'^^^^ is an injection. For every //'(^i) e set //'(^^^ = 

//'(5i) It is obvious that //'(^^^ G H'^^^^ and the mapping g^ : T^'^^i) ^ 

is an injection. Thus 513 = f^^ and /3 : "H'^^^^ — > "H'^^^) is a bijection. 
Then ^H'sW^erAWiH) - W{H')) + Ei/'.7i'(")(^(^) - W{H')) > 

^H'ewie^) {{g + d-4)-N+{g + d-8)-N) = ^H'^n'm {2 ■ {g + d - 6) ■ N) > 0. 

When H' G ?{'(^°) or //' G n'^^'^\ we have ^ = 5, d = and TU-subgraph H' and 

if for Subcase 2.2 and 2.3 have 4 edges. 

If = 4, since there is at least one pendent path attached to Ui or wi or u 

in G', without loss of generality, let Uq G Ng'{u)\{v,Ui,Wi}. 

For every //'(^o) ^ ^/(60) ^^^^ ^/(50) ^ ^/(50)^ g^t /f'^^^) ^ ^/(60) _ ^^^^ ^ 

^/(30) ^ ^/(50) _ ^^^^ ^ It ig obvious that g ^/(12)^ ^/(30) g ^/(30) ^ ^^^^ 

/ii : is an injection, /i2 : "H'^^") 7^'^^°^ is an injection. Furthermore, 

by the previous discussion, it is easy to prove that /4 : "H'^^^) — )■ '^'(5°) is a bijection, 
and (E^/'e7^'(6o) +Eif'.7^'(5o))(W^(/^) - W{H')) > 

Ewewm iig + d-4:)-N + {g + d-8)-N) = EweW^ (("2) " 
Then (Eff'e?^'(5o) + Eif'e?^'(6o) + Ei?'e?i'(3o) + Ei/'e?i'(i2))(^(-f^) - W{H')) 
> E//w(eo) [(-3 + 1 + 3 + 0) • iV] > 

If 5 < < n — 1, then there is at least one pendent edge which belongs to 

E{H'), without loss of generality, assume uqu'q G E{H'), where uq G Ng'{u)\{v, ui, Wi}. 
Then by similar method of the above case, we have 

{T.H'ewm+T.H'eH'i^o,){W{H) - W{H')) 

> Ewen'miig + d - A) ■ N + (g + d - 8) ■ N) 
= Ei/w(-)(-2)-2-A^/2)>0, 
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and (Eh 

>EH'ew'(ao)[(-4 + 4 + 0)-iV/2]>0. 
Thus by summing over all possible subsets of "H^, {n'i = H'^^^ U "H'^") U T/'^^^) U 

^,(21) u ^/(22) u ^/(30) y ^/(31) y -^/(32) y ^/(4) y ^/(50) y ^.(51) y ^/(60) y ^/(61))^ f^^^ 

Theorem 11.21 and / is an injection on the whole. Then 

H'eW^ Hen* Hen, 

holds for i = 2, 3, ■ ■ ■ ,n — 1. 

When g is even, the result fi{G) > ^i{G') holds for i = 2, 3, ■ ■ ■ , — 1, which can 
be proved as Case 1. ■ 

Remark. Assume there are ti (resp. tj+i, pendent edges and Si (resp. Sj+i, Si+2) 
pendent paths of length 2 attached to u (resp. v,w). 
If ti,ti^i,ti+2 7^ 0, assume uu',vv',ww' G M{G), then 

M{G') = M{G) - {uu',vv',ww'} + {uu',vw}, 

we have M(G') = M{G) - 1. 

If ti = ti+i = 0, then uv G M{G), we have M{G') = M{G) - {uv} + {vw}, and 
M(G') = M(G'). 

If ti,ti+i ^ 0, = 0, assume uu',vv' G M(G'), then M(G') = M(G) - 
{uu',t>i;'} + {uu',vw}, we have M{G') = M{G). The case tj+i,tj4.2 7^ 0, tj = 
is similar. 

If ti+i ^ 0, = ti+2 = 0, assume vv' G M(G), then M(G") = M{G) - + 
{uv', vw}, we have M(G") = M{G) + 1. 

Definition 2.7 Let G he a n-vertex unicyclic graph with girth g, n > 8, there are 
only pendent paths of lengths 1 or 2 attached to the cycle Gg. u,v,w are on the cycle 
of length at least 5 and there is at least one pendent edge attached to u,v,w, respec- 
tively, (see fig. 4)- Assume u ^ v,v w and Ng{u) = {v,u',U2,U3,- ■ ■},Ng{v) = 
{u, w, v', f 2, ■ ■ ■ }, Ng{uj) = {v, w', W2, UJ3, ■ ■ ■}, uu', vv', ww' are pendent edges of G. 
Then the graph 

G' = G - {vw, WW2, WW3, ■ ■ ■ , VV2, VV3, ■ ■ ■ } + {UW, UW2, UW3, ■ ■■ , UV2, UV3, ■ ■ ■} 
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Figure 4: Transformation of Definition 2.7 



Theorem 2.8 Let G and G' he the two graphs presented in Definition 2/7, and the 
length of the cycle of G is g, n> 8. Then 

iPi{G) > fi{G'),i = 0, 1, ■ ■ ■ ,n, 

with equality if and only if i E {0, l,n}. 

Proof. For n = 8, there is an unique graph G which satisfies Theorem 12.81 by 
mathematical computing directly, ^i{G) > ipi{G'),i = 2,3,- ■■ ,n — 2 and (pi{G) = 
ipi{G'), z = 0, 1, n — 1, n. 

Next assume n > 9. For i G {0, the proof is similar to Theorem 12.21 Thus 
suppose 2 < i < n — 1, denote %[ and T-Li the sets of all TU-subgraphs of G' and G 
with exactly i edges, respectively. 

First assume g is odd, for an arbitrary TU-subgraph H' G "H-, let R' be the 
component of H' containing u. Denote E[ = {uvi : uVi G E{R'),2 < i < s},E2 = 
{uwi : uwi G E{R'),2 < i < t}[j{uw : uw G E{R')}.Ei = {vVi : uVi e E[,2 < 
i < s},E2 = {wWi : uWi G E'2,2 < i < t}[J{vw : uw G E'2}. Define H with 
V{H) = V{H'), E{H) = E{H') - E[ - E'^ + E^ + E2. Let f : H[ Hu and 
n* = fm = {fm\H'eH[}. 

If we include u, f , w in a component of if', then we have components of equal sizes 
in both TU-subgraphs H' and and thus W{H) = W{H') in this case. Denote 
'H(Q-) = {H'\uv G H',vw G H'}. Now we can assume that u,v,w belong to 2 or 3 
components. 

Next we distinguish Ti' into the following two cases. 

Case 1: m is not in an odd uni cyclic component of H', then all components of 
H' are trees. Assume u G T{, and T{ contains bi vertices among the set V (T^)\{u'} 
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and the vertices in the counter-clockwise of ^(excluding u), and 63 vertices in the set 
y(T^^)\{t''}(excluding v), 62 vertices among the set V{T^)\{w'} and the vertices in 
the clockwise of ^(excluding w) (61, 62, &3 > 0). 

Subcase 1.1: uv e H',vv',uw,ww' ^ H', then W{H') = {bi + b2 + b3 + 2)-l-l-l-N, 
for some constant value A^. W(H) = (bi + b3 + 2)-(b2 + l)-l-l-N,soW(H)-W(H') = 
b2- (bi + bs + l) ■ N > 0. Denote n[^i = {H'\u e T[, uv e H', vv', uw, ww' ^ H'}. 

Subcase 1.2: uv, vv' e H', uw, ww' ^ H', then W{H') = (61 + 62 + &3 + 3) • 1 • 1 • A^, 
for some constant value N. W(H) = (61 + 63 + 3) • (62 + 1) • 1 • A^, so W{H) - W{H') = 
b2- ibi + b3 + 2) ■ N > 0. Denote n'^ ^ = {H'\u e T[, uv, vv' e H', uw, ww' ^ H'}. 

Subcase 1.3: uv, ww' e H', uw, vv' ^ H', then W{H') = (fei + 62 + ^3 + 2) • 1 • 2 • A^, 
for some constant value A^. W(H) = (61 + 63 + 2) • (62 + 2) • 1 • A^, so W(H) - W(H') = 
b2 ■ {bi + 63) • AT > 0. Denote 3 = {H'\u e T[, uv, ww' e H' , uw, vv' ^ H'}. 

Subcase 1.4: uv, ww', vv' E H', uw ^ H', then W{H') = (61 + 62 + ^3 + 3) • 2 • AT, 
for some constant value A^. W(H) = (61 + 63 + 3) • (62 + 2) • A^, so W{H) - W(H') = 
b2- (bi + bs + l) ■ N > 0. Denote ^ = {H'\u e T[, uv, ww', vv' e H', uw ^ H'}. 

Subcase 1.5: uw e H',uv,ww',vv' ^ H', then W{H') = {bi + b2 + b3 + 2)-l-l-l-N, 
for some constant value A^. W{H) = (bi + l) ■ {b2 + h3 + 2) ■ 1 -1 -N, so W{H)-W{H') = 
bi ■ (62 + 63 + 1) • AT > 0. Denote 5 = {u e T[, H'\uw G H' , uv, ww' , vv' ^ H'}. 

Subcase 1.6: uw,vv' G H',uv,ww' ^ H', then W{H') = {bi+b2+b3+2)-2-l-N, for 
some constant value A^. W{H) = (bi + l) ■ {b2 + b3 + 3) ■!■ N, so W{H)-W{H') = (61- 
l)-{b2 + bs + l)-N. Denote H[%^ = {H'\u E T[,uw,vv' e H',uv,ww' ^ H',bi > 1}. If 
H' e n'}^^,W{H) - W{H') > 0. Denote V.'}'^ = {H'\u e Ti,uw,vv' e H',uv,ww' ^ 
H'.bi = 0}. For every H'^ G "H^ g , assume U2 is in a component of iJ( of order p. 
Set H2 = H'l — vv' + UU2, it is obvious that H2 G 5 in which 61 = p > 1 and 
/i : 'Hi^Q ^1,5 is an injection. Then 

{ J2 + )iW{H)-W{H'))>{ J2 + H ){W{H)-W{H'))^0. 

Subcase 1.7: uw, ww' G H', uv, vv' ^ H', then W{H') = (61 + 62 + &3 + 3) ■ 1 • 1 ■ A^, 
for some constant value A^. W{H) = (bi + l) ■ {b2 + b3 + 3) ■ 1 -1 -N, so W{H)-W{H') = 
bi ■ (&2 + fea + 2) ■ A^ > 0. Denote H'^ j = {H'\u G T^, uw, ww' G H', uv, vv' ^ H'}. 

Subcase 1.8: uw,vv',ww' G H',uv ^ H' , then W{H') = (61 +62 + &3 + 3) ■2- A^, for 
some constant value A^. W{H) = (61 + 1) ■ (62 + 63 + 4) ■ A^, so W{H) - W{H') = {bi - 
l)-{b2 + b3 + 2)-N. Denote hJs^ = {H'\u G T[,uw,vv' ,ww' G H',uv^H',bi > 1}. If 
H' G n'{^^,W{H) - W{H') > 0. Denote H'}"^ = {H'\u G Ti,uw,vv',ww' G H',uv ^ 
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H',bi = 0}. For every H[ e ^1,8 , assume U2 is in a component of H[ of order p. 
Set H2 — H[ — vv' + UU2, it is obvious that H2 G "Hi 7 in which bi — p > 1 and 
h '■ 'H'lfi ~^ ^'1,7 is an injection. Then 

{ J2 + ){W{H)-W{H'))>{ + ){W{H)-W{H'))^Q. 

Subcase 1.9: uw, ww', uv, vv' ^ H', then W{H') = (61 + 62 + &3 + 1) • 1 • 1 • 1 • 1 • -/V, 
for some constant value N. W{H) = (61 + 1) • (62 + 1) • (&3 + 1) • 1 • 1 • -/V, so 
W(H) - W{H') = [bi ■b2-b3 + bi-b2 + bi-b3 + b2-b3]-N>0. Denote H'^^g = {H'\u e 
T{, uw, ww', uv, vv' ^ H'}. 

Subcase 1.10: ww' e H',uw,uv,vv' H', then W{H') = (6i+62+&3+l)-l-l-2-A^, 
for some constant value A^. = (bi+1) ■ (b2+2) ■ (b^+l) ■!■ N, so W(H)-W{H') = 

[62 • (61 • 63 + 61 + 63 - 1) + 2 • 61 • 63] • N. Denote T^JVo = e Ti',ww' e 

H',uw,uv,vv' ^ H',bi + 63 7^ 0}. If H' e 7{j9\w^(i/') - W(H') > 0. Denote 
^fio = {H'\u e Ti', W e H',uw,uv,vv' 61 = 63 = 0}. For every H'^ e 
set H'2 — H'^ — ww' -\-uv, it is obvious that H'2 G "H^ ^ in which 6^ = 0, 63 = and 
h '■ ^1,10 ^1,1 is injection. Then 

( J] + 5^ ){W{H)-W{H'))>{ + H ){W{H)-W{H')) = Q. 

Subcase 1.11: vv' e H' ,uw,uv,ww' ^ H' , then W{H') = (6i+62+&3+l)-l-l-2-A^, 
for some constant value A^. = (bi+1) ■ (b2+l) ■ (b3+2) ■!■ N, so W{H)-W{H') = 

[63 • (61 • &2 + &i + &2 - 1) + 2 ■ 61 ■ 62] ■ iV. Denote = {H'\u e T^v^;' e 

H',uw,uv,ww' ^ H',bi + b2 ^ 0}. If H' G - W{H') > 0. Denote 

= e Ti', W e H',uw,uv,ww' ^ H',bi = 62 = 0}. For every H'^ E 

assume U2 is in a component of H'^ of order p. Set H2 = H[ — vv' + UU2, it is obvious 
that H2 e 9 in which bi — p > l,b2 — and /4 : n ^ 9 is an injection. 
Then 

{ J2 + ){W{H)-W{H'))>{ Y ^ Y m{H)-W{H'))^0. 

Subcase 1.12: vv',ww' e H',uw,uv ^ H', then W{H') = (61 +62 + &3 + 1) ■ 2 -2 ■ A^, 
for some constant value iV. W{H) = (bi + l) ■ {b2 + 2) ■ {b3 + 2) ■ N, so W{H) -W{H') = 
[61 ■ 62 ■ &3 + &2 ■ &3 + 2 ■ (61 - 1) ■ (62 + ^3)] ■ A^. Denote n'i% = {H'\u G T{, vv', ww' G 
H',uw,uv ^ H',bi > lor 61 = 62 = 63 = 0}. If H' e ^'i,n,W^(i^) - W{H') > 0. 
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Denote n'{% = {H'\u E T[,vv',ww' e H',uw,uv ^ H',bi = 0, 63 = 0,62 > !}• For 
every H[ e ^1,12) set H'^ = H[ — ww' + uv, it is obvious that H2 E l-L'12 which 
61 = 0, 63 = and : "^1^12 — > ^'1,2 is an injection. Then 

( ^ + J] )(iy(i/)-iy(i/'))>( E + E )w^)-w^(^')) = o. 

Denote ?/;72 = {H'\u e T[ ,vv',ww' G H',uw,uv ^ H',bi = 0,63 > 1}. For every 
'12, assume U2 is in a component of of order p. Set -ff2 — H[ —vv' + uu2, it 
is obvious that H2 G "H'/ in which &i = p > 1, &3 > 1 and denote this kind of subset 
of "H'i^io ^s "Hi 10 . Moreover, /g : "Hi 12 ^ ^1,10 is an injection. Then 

( E + E )W^)-W^m)>( E + E ){W{H)-W{H'))>0. 
Case 2: -u is in an odd unicychc component U' of H'. 

Subcase 2.1: There is exactly one edge among {uv.uw} which belongs to E{H'). 
Assume \V {U')\{v,v' .w,w'}\ = x, where x > g{G') > 3. If vv',ww' ^ H', then it 
is obvious that there is a bijection between the two sets 'H'21 = {H'\u G U',uw G 
H', vv', ww', uv ^ H'}, 102,2 = {H'\u G U', uv G H', vv', ww', uw ^ H'}. Then 

J2 [W(H) -W(H')]^ J2 (2-X + 4-8) • > 0. 

If there is exactly one edge among {vv' ,ww'} which belongs to E{H'), then it is 
obvious that there is a bijection between every two sets of 3 = {-^'1^ ^ '"'^^ ^ 
H',ww',uw ^ H'},H'2^^ = {H'\u G U',uv,ww' G H',vv',uw ^ H'},H'2^^ = {H'\u G 
U',uw,vv' G H',ww',uv ^ H'},n'2^Q = {H'\u G U',uw,ww' G H',vv',uv ^ H'}. 
Then 

J2 [W{H)-W{H')]= J2 (4-X + 12-24) • AT > 0. 

If vv', ww' G H', then it is obvious that there is a bijection between the two sets 
Ti'^ ,^ = {H'\u G U',uv,vv',ww' G H',uw ^ if'}, 7^2,8 = {-f^V ^ U' , uw , vv' , ww' G 
//'}. Then 

^ - W{H')] - (2 • X + 8 - 16) • AT. 
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When X > 4, the above equation is nonnegative. When x = 3, then g{G') = 3, 
since uu' e E{G), for every H[ e ^2,7) -^^2 ^ ^2,8' ^3 = H[ — uiWi + uu' , H'^ = 
H2 — uiWi + uu'. It is easy to obtain that H'^ e T-L'^ .^,!!'^ G "Hi g^ in which bi — 
2, 62 = 1, &3 = 0, = 3 and denote this kind of subset of T^'/g as Ti'i^s^. Moreover, 
/y : 7^2,7 ~^ ^'1,4 ^^<i /8 ■ ^2,8 ~^ ^1,8^^ injections. Then 

J2 [W{H)-W{H')]> (-2 + 2 + 3) >0. 

Subcase 2.2: When uw, uv assume \V(U')\(V(T^)U{u})\ = 6 and |y(C/') n 
V{T^)\ = 63, then \V{U')\ =6 + 63 + 1, with 6 > g(G') - 1 > 2, 63 > 0. Denote 
the product of the orders of all components of H' except the components containing 
{u, V, w, v', w'}. 

If vv', ww' ^ H', then W{H) - W{H') = [(63 + 1) ■ {b + 2) - 4] ■ N > 2 ■ ba ■ N > 0. 
Denote ?^2,9 — {H'\u G U', uw, uv, vv', ww' ^ H'}. 

If there is exactly one edge in {vv',ww'} which belongs to E{H'), then it is 
obvious that there is a bijcction between the two sets "^2 10 = {H'\u G U',ww' G 
H', vv', uv, uw ^ H'}, 7^2,11 = {H'\u G U', vv' G H', ww', uv, uw ^ H'}. Then 

J2 [W{H)-W{H')]^ {{bs + 2)-{b+2) + {bs+l)-{b+3)-16)-N 

> Y (2 • 63 • 6 + 3 ■ 6 + 5 • 63 - 9) • iV. 

-'^'6^2,lo'-'^2,ll 

When 6>3or6 = 2,63>l, the above equation is nonnegative, and denote this kind 
of subset of 7/2 10' ^2 11 ^2 105 ^2 ii5 respectively. Denote 

n'j% = {H'\u G U', ww' G H', vv', uv, uw ^ H' ,b ^ 2, 63 = 0}, 

T^JJ = {H'\u G U', vv' G H', ww', uv, uw ^ H' ,b ^ 2, 63 = 0}. 

When h = 2,63 = 0, then g{G') = 3 and = 3, since the pendent edge 

uu' G E{G), for every H'^ G Hi%, H'^ G set H'^ = H'^- U2W2 + mm', H'^ = H'^- 

U2W2 + uu'. It is obvious that G "H'/iq, in which bi = 2, 62 = 1, 63 = 0, and denote 
this kind of subset of "Hi ^o as Hi^^q. H'^ G "H^ ii, in which 61 = 2, 62 = 1, &3 = 0, 
and denote this kind of subset of Ti'i^ii as Ti'i^ii. Moreover, /g : "^2,10 ^ ^'1,10^ is an 
injection, /lo : ^2 11 ^ ^1 11'' injection. Then 

Y - W{H')] 

^"•2,10^"-2,ll'-'"-l,10 ^"-1,11 
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> J2 (-3 + 4 + l)-A^>0. 

UHf A U/9 fHa'. I'o )U/io (Wf A ) 

If vv', ww' e H', then W{H) - W{H') = [(63 + 2) ■ {b + 3) - IQ] ■ N = [h ■ b + 3 ■ 
63 + 2 ■ 6 - 10] ■ A^. When 6 = 2, 63 > 2 or 6 = 3, 63 > 1 or 6 = 4, 63 > 1 or 6 > 5, the 
above equation is nonncgative. 

When 6 = 2,63 = 0, then g{G') = 3 and \V{U')\ = 3. Denote n'i% = {H'\u e 
U', vv', ww' e H', uv, uw ^ H' , 6 = 2, 63 = 0}. Since n > 9, without loss of generality, 
assume uuq G E(G), for every if( G "^2,12) set H2 = H'^— ww' + uu' — U2W2 + mmq- It 
is obvious that H2 G "Hi^n which 6 = 2, 63 = 0, and denote this kind of subset of 
^1,11 as ^i^ii'*. Moreover, /n : ?^2,i2 ~^ ^1,11^ is an injection. Then 

J2 [W(H) - W(H')] > J2 (-6 + 6) -N^O. 

When 6 = 2,63 = 1, then g{G') = 3 and \V{U')\ = 4. Denote n'i% = {H'\u G 
U',vv',ww' G H',uv,uw ^ H',b = 2,63 = 1}. For every H'^ G n'i%, set H!^ = 
H'l — UW2 + UW. It is obvious that H2 G "H'/g in which bi = 2, 62 = 0,63 = 1, and 
denote this kind of subset of T-t'i^^ as Hi^^ Moreover, /12 : ^2,12 ~^ ^1,8^'' i^ an 
injection. 

[W{H)-W(H')]> J2 (-l + 3)-A^>0. 

When 6 = 3,63 = 0, then ^(G") = 3 and \V{U')\ = 4. Denote = {H'\u G 

U',vv',ww' G H',uv,uw ^ H',b = 3,63 = 0}. For every H'^ G set i/^ = 

H'l — ■utt;2 + UW. It is obvious that H2 G "H'i in which bi = 3, 62 = 0, 63 = 0, and 
denote this kind of subset of T-Li^g as T-Li^^ K Moreover, /13 : ?^2,i2 ~^ ^1^8 ^ is an 
injection. 

J2 [W{H)-W{H')]> J2 (-4 + 4)-A^ = 0. 

When 6 = 4,63 = 0, then \V{U')\ = 5 and g{G') = 3 or g{G') = 5. Denote 
^Sl = {H'\u G U',vv',ww' G H',uv,uw ^ H',b = 4,63 = 0,^(G") = S},H'i% = 
{H'\u G U',vv', ww' G H',uv,uw ^ H',b = 4,63 = 0,c/(G") = 5}. For every H'^ G 
^2,12' -^2 ^ ^2,12' set H'^ = H'l — UW2 + Mw, H'^ = H'2 — UW2 + Mw. It is obvious that 
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H'^ G in which 61 = 4, 62 = 0, 63 = 0, g{G') = 3, and denote this kind of subset 
of T-C'i^g as \ Moreover, /14 : ^2,12 ~^ '^1^8 an injection. 

Y [W{H) - W{H')] > J2 (-2 + 6) ■ N >0. 

Furthermore, H'^ G H'/g^ in which bi =4,62 = 0,63 = 0,g{G') = 5, and denote this 
kind of subset of "H'/g^ as "H'/ g^^ Moreover, /15 : ^^2.12 ~^ '^i^s^ is an injection. 

Y [W{H) -W{H')]> Y (-2 + 6)-iV>0. 

Thus by summing over all possible subsets of "H^, from Theorem 11.21 and / is an 
injection on the whole. Then 

(^.(G") = ^(H') < Y ^(H) < Y W{H) = ^,{G) 
H'en'^ Hen* H(^m 

holds for i = 2, 3, ■ ■ ■ , — 1. 

When g is even, by Case 1, <fi{G) > !fi{G'),i = 2,3, ■ ■ ■ ,n — 1 holds. ■ 

Remark. Assume there are ti (resp. tj+i, ti+2) pendent edges and Si (resp. Sj+i, Sj+2) 
pendent paths of length 2 attached to u (resp. v,w). 

If ti,ti+i,ti+2 7^ 0, without loss of generality, assume uu" ,vv" ,ww" G M{G), 
where u" ,v" ,w" are pendent vertices attached at u,v,w. Then M{G') = M{G) — 
{uu", vv", ww"] + {uu', vv', ww'], we have M(G") = M{G). 

3 The ordering of graphs in the two sets ^3(51, ti; S2, ^2; S3, ^3) 

and ^4(51,^1; S2, t2] S3, ^3; S4, ^4) 

Lemma 3.1 For an arbitrary graph 

Gi{si, ti] S2, t2] S3, t^] S4, t^) G ^4(51, ti] S2, t2, S3, ^3; S4, ^4), 

after removing all pendent edges or pendent paths of lengths 2 at U2, u^, U4, we obtain 
G'4(Eti Eti 0, 0; 0, 0; 0, 0) . Then 

4 4 

V9i(G4(si, ti; S2, t2; S3, ^3; S4, ^4)) > ^i{Gi(Y -5*' Y^ 

i=l i=l 

with equality if and only if i & {0, l,n — l,n}. (see fig. 5). 
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Figure 5: Transformation of Lemma 3.1 

Proof. For convenience, we denote the graph G4(si,ti; ^2,^2; Ssjts; S4,t4) as G, and 
G4(Eti Eti tu 0, 0; 0, 0; 0, 0) as G'. 

When i G {0, 1, n — 1, n}, the proof is similar to Theorem 12.21 For 2 < i < n — 2, we 
use H'^ and Tii to denote the set of all TU-subgraphs of G and G' with exactly i edges, 
respectively. Let = H'}^^ U "Hf ^ U ^ U Hf*\ where H'}^\j = 1,2,3,4) is the 
set of TU-subgraphs in which ui, M2, M3, U4 belong to exactly j different components. 
Similarly, we can define hI^\j = 1,2,3,4). 

For an arbitrary TU-subgraph H' G 'Hf''\ let R' be the component of H' con- 
taining Ml. Let Nri{ui) n NrpG (ui) = {u\,ul, ■ ■ ■ ,u1}, where < 6 < m.m{dG{ui) — 
2, \V{R')\ - 1}, Nniui) n Ntg{u2) = {uiul ■ ■ ■ ,ul}, where < 6 < mm{dG{u2) - 
2, \ViR')\ - 1}, Nnim) n Ntg{us) = {ulul ■ ■ ■ ,m, where < c < mmidcius) - 
2, \V{R')\ - 1}, Nn,{ui) n NrpG (u^) = {ul,ul, ■ ■ ■ ,ui}, where <d< mm{dG{u4) - 
2, \V{R')\ - 1}. For G, define H with l^(i7) = 1/(17') and 

E[H) = E(H') — uiu\ — ■ ■ ■ — U1U2 — Uiul — ■ ■ ■ — ^1^3 — Uiul — • ■ ■ — uiuf 

+M2M2 ^ U2ul + M3M3 H h M3M3 + M4M4 H h M4M4- 

Then if G -H^. Obviously, /f' G uf^^ ^ H e h\^\ {3 = 1,2,3,4). Let / : U'}^^ 
V!f\ and V*^^^ = m'}^^) = {fiH'W G V^^^}. 

Denote |nT„^)ny(i?0\K}| = A inT„^)nK(i?0\{MI = i?jnT„^)nn^')\ 

Kll = C, |V(T„«J n V{R') \ K}| = D, where AS.C',/} > 0. 
Now we distinguish the proof into four cases. 

Case 1: H' G 'H'}^\ Mi, M2, M3, M4 belong to one component, then W{H) = W{H'), 
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thus 

J2 mH)-W{H')] = 0. 



Case 2: H' G Ui, U2, U3, U4 are in four trees, then 

W{H) - W{H') = {A + 1){B + 1){C +1){D + l)Ni -{A + B + C + D + l)Ni > 0, 
for some constant value Ni. Thus 

J2 [W{H) - W{H')] > 0. 



f(2) 

Case 3: H' G "H/ , Mi, ^2, M3, ^4 are in two trees, then by computing, 

W{H) - W{H') = [{A + D + 2){B + C + 2)-2{A + B + C + D + 2)]N2 

+ [{A + B + 2){C + D + 2)-2{A + B + C + D + 2)]N2 
+ [AD + BD + CD + AC + BC + CD + AB + BD + BC + AB + AC + AD]N2 > 0, 
for some constant value Thus 

[W{H) - W{H')] > 0. 



Case 4: H' G , Ui, U2, M3, U4 are in three trees, then 

W{H) - W{H') = [{AB + A + B){C + D) + 2AB + {AD + A + D){B + C) + 2AD 

+ {CD + C + D){A + B) + 2CD + {BC + B + C){A + D) + 2BC]N^ > 0, 
for some constant value N3. Thus 

[W{H) - W{H')] > 0. 

Now the inequality ^Pi{G) > (pi{G'),i = 2, 3, ■ ■ ■ ,n — 2 holds from Theorem II .21 by 
summing over all possible subsets "H^ of TU-subgraphs H' of Gi with i edges. ■ 

Remark. If there is only one positive number in the set {ti, t2, t^, ^4}, then after the 
transformation in Lemma [3. 11 M{G) = M{G'). 

If ti = ts = 0, t2, or t2 = = 0, ti, ta 7^ 0, then after the transformation in 



Lemma [SH M{G) = M{G'). 

Similar to the prove of Lemma 13.11 we have the the following Lemma. 
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Lemma 3.2 For an arbitrary graph 

G3{si,ti; S2,t2] 53,^3) e ^3(51,^1; 52,^2; 53,^3), 

after removing all pendent edges or pendent paths of lengths 2 at ^2,^3, we obtain 
G^{EllS^,Ellt^■,0,0■0,0). Then 

3 3 

(Pi{Gs{si,ti;s2,t2;ss,ts)) > (y9i(G3(^ s^, ^ t^; 0, 0; 0, 0)), 

i=l i=l 

with equality if and only if i & {0, 1, n — 1, n}. 

Remark. If there is at least one number in {^1,^25^3} which equals to zero, then 
M{Gs{si, ti; S2, t2] S3, t^)) = M(G3(ELi Ell 0, 0; 0, 0)). 

Lemma 3.3 For a graph 

(^3(31, ti] S2, t2] S3, ^3) G ^3(^1, ti; 52, t2] S3, ts), 

which satisfies ti 0,t2 0, ^3 7^ 0, without loss of generality, assume Uiu', U2v', u^w' 
are pendent edges of Gs{si,ti] S2,t2', Ss,t-^). After removing all pendent edges or pen- 
dent paths of lengths 2 except Uiu',U2v' from vertices Ui,U2 to vertex u^, we obtain 
6-3(0, 1; 0, 1; Ell Ell 2). Then 

3 3 

V9i(G3(si, ti] S2, t2] S3, ^3)) > (/9i(G'3(0, 1; 0, 1; s^, - 2)), 

i=l i=l 

with equality if and only if i & {0, 1, n — 1, n}. 

Proof. For convenience, we denote the graph G^{si,ti] S2, ^2; -53, ^3) as G, and denote 
63(0, 1; 0, 1; Ell s,, Ell U - 2) as G' . 

When i G {0, 1, n — 1, n}, the proof is similar to Theorem 12.21 For 2 < i < n — 2, 
we use 1-L[ and T-ii to denote the set of all TU-subgraphs of G and G' with exactly i 
edges, respectively. Let %[ = nf^unf^unf\ where ^(j = 1, 2, 3) is the set of 
TU-subgraphs in which mi, M2, belong to exactly j different components. Similarly, 
we can define = 1, 2, 3). 

For an arbitrary TU-subgraph H' G let R' be the component of H' containing 
M3. Let N^iiu'i) n NxG (ui) = {ui,u\,ul, ■ ■ ■ ,u1}, where < 6 < m.m{dG{ui) — 
2, \V{R')\-1}, NR>{u3)nNTG (M2) = {u2,ul,ul, ■ ■ ■ ,ul}, where 0<b< min{rfG(M2)- 
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2, \ViR')\ - 1}, Nniu-s) n Ntg{u3) = {ulul ■ ■ ■ ,u^}, where < c < mm{dG{u3) - 
2, - !}• For G, define with V{H) = V{H') and 

E{H) = - Ma-uJ 1i3< - 1^314^ U3U^2 

+Uiul H h UiUl + U2U\ H h 

Then e Obviously, H' G ^ G (j = 1, 2, 3). Let / : ^ ^ 
and V*^'^ = fin'y^) = {f{H')\H' G Uf'^}. 

Denote |\/(T„^) n V{R') \ {u,, u'}\ = A, |\/(T«) n V{R') \ {u^, v'}\ = B, \V{X^J n 
V{R') \ {u3, w'}\ = C, where A,B,C> 0. Denote N be the product of the orders of 
all components of H' excluding ui, u', U2, v', Ms, w'. 

Now we distinguish the proof into three cases. 

Case 1: H' G T-Lf^\ Ui,U2,Us belong to one component, then W{H) = W{H'), 
thus 

J2 l^'iH) W{H')] = 0. 

/(2) 

Case 2: H' G "H/ , ui,U2,U3 are in two trees, we distinguish this case into the 
following four cases. 

Subcase 2.1: \{uiu' , U2v' , u^w'} H E{H') \ = 1, and N is fixed. 
Denote this kind of subset of V.f'^^ as Tif^^^ . 

(1) . Assume uiu' G E{H'). 

(1.1) . G E{H'),UiU2,U2Us ^ E{H'). 

W{H) - W{H') ^{A + C + 3){B + 1)N-{A + B + C + 3)N. 

(1.2) . U1U2 G E{H'), UiU;, U2U; ^ E{H'). 

W{H) - W{H') ^{A + B + 3){C+1)N-3{A + B + C + 1)N. 

(1.3) . U2U3 G E{H'),uiU2,UiU3 ^ E{H'). 

W{H) - W{H') ^{B + C + 3){A + 1)N -2{A + B + C + 2)N. 

(2) . Assume U2v' G E{H'). By the symmetry of ui and ^2, the discussion is 
similar to the above. 

(3) . Assume u^w' G E{H'). 

(3.1). uru^ G E{H'),uiU2,U2Us i E{H'). 

W{H) - W{H') = {A + C + 3){B + 1)N - {A + B + C + 3)N. 
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(3.2) . uiU2 e E{H'),uiU3,U2U3 ^ E{H'). 

W{H) - W{H') = (A + S + 2)(C + 2)Ar - 2(A + S + C + 2)N. 

(3.3) . e E{H'),uiU2,uiU3 ^ E{H'). 

W(H) - W(H') ^(B + C + 3)(A + 1)N-(A + B + C + 3)N. 

Then 

[^(H) - W{H')] = 6{AB + BC + AC)N > 0. 

Subcase 2.2: \{uiu' ,U2v' ,U3w'} f] E{H') \ = 2, and N is fixed. 
Denote this kind of subset of 'H^'^^ as 'H.f^'^K 

(1) . Assume Uiu',U2v' G E{H'). 

(1.1) . e E{H'),UiU2,U2U3 ^ E{H'). 

W(H) - W{H') ^{A + C + 3)(B + 2)N-2(A + B + C + 3)N. 

(1.2) . U1U2 e E{H'),uiUs,U2Us ^ E{H'). 

W{H) - W{H') = {A + B + A){C +l)N -A{A + B + C + l)N. 

(1.3) . U2UZ e E{H'),uiU2,uiU3 ^ E{H'). 

W{H) - W{H') = {B + C + 3){A + 2)N -2{A + B + C + 3)N. 

(2) . Assume Uiu',U3w' e E{H'). 

(2.1) . uxU3 e E{H'),uxU2,U2U3 ^ E{H'). 

W{H) - W{H') = {A + C + 4){B + 1)N -{A + B + C + 4)N. 

(2.2) . u,U2 e E{H'),u,U3,U2U3 ^ E{H'). 

W{H) - W{H') ^{A + B + 3){C + 2)N -3{A + B + C + 2)N. 

(2.3) . U2U3 e E{H'),uiU2,uiU3 ^ E{H'). 

W(H) - W(H') ^(B + C + 3)(A + 2)N-2(A + B + C + 3)N. 

(3) . Assume U2v',U3w' e E{H'). By the symmetry of A and B, the discussion is 
similar to the above. 
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Then 

J2 [W{H) - W{H')] = 6{AB + BC + AC)N > 0. 

Subcase 2.3: \{uiu' ,U2v' ,U3w'} fl E{H') \ = 3, and N is fixed. 
Denote this kind of subset of Tif'^^ as Ti'^^^^ . 

(1) . UiU3 e E{H'),UiU2,U2U3 ^ E{H'). 

W{H) - W{H') ^{A + C + 4){B + 2)N-2{A + B + C + 4)N. 

(2) . UiU2 e E{H'),UiU3,U2U3 ^ E{H'). 

W{H) - W{H') ^{A + B + 4){C + 2)N-4{A + B + C + 2)N. 

(3) . e E{H'),uiU2,urU^ ^ E{H'). 

W{H) - W{H') ^{B + C + A){A + 2)N -2{A + B + C + A)N. 

Then 

[W{H)-W{H')] = 2{AB + BC + AC)N>Q. 

Subcase 2.4: \{uiu' ,U2v' ,u^w'} n E{H') \ = 0, and N is fixed. 
Denote this kind of subset of Tif^^ as Ti'}^^^ . 

(1) . UiU3 e E{H'),UiU2,U2U3 ^ E{H'). 

W{H) - W{H') ^{A + C + 2){B + 1)N-{A + B + C + 2)N. 

(2) . urU2 e E{H'),uiU3,U2U3 ^ E{H'). 

W{H) - W{H') ^{A + B + 2){C + 1)N -2{A + B + C + 1)N. 

(3) . U2Us G E{H'),u,U2,UiU3 ^ E{H'). 

W{H) - W{H') = + C + 2)(A + l)Ar - (A + S + C + 2)N. 

Then 

[W{H)-W{H')] = 2{AB + BC + AC)N>Q. 

After summing all above results in Case 2 we have 

J2 [W{H) - W{H')] = [^(^) - W{H')] > 0. 
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Case 3: H' e H-^ , ui,U2,U3 are in three trees, we again distinguish the following 
four cases. 

Subcase 3.1: \{uiu' ,U2v' ,usw'} fl E{H')\ = 1, and N is fixed. 
Denote this kind of subset of Tif^^ as T-L'^^^^^ . 
{l).uiu' e E(H'). 

W(H)-W(H') = (A + 2)(B + 1)(C+1)N-2(A + B + C+1)N. 
{2).U2v' e E{H'). 

W{H) - W{H') = {A + 1){B + 2){C +1)N -2{A + B + C + 1)N. 
{3).U3w' e E{H'). 

W{H) - W{H') = {A + 1){B + + 2)N - {A + B + C + 2)N. 

Then 

^ [W{H) - W{H')] = {3ABC + AAB + ABC + AAC)N > 0. 

Subcase 3.2: Kiiiii', 1^2^;', 1*3^'} n = 2, and is fixed. 

Denote this kind of subset of Tif^^ as Ti'}^^^ . 
{l).uiu',U3w' e E{H'). 

W{H) - W{H') ^{A + 2){B + 1){C + 2)N -2{A + B + C + 2)N. 
{2).U2v',U3w' e E{H'). 

W{H)-W{H') = (A + l)(S + 2)(C + 2)Ar-2(A + S + C + 2)Ar. 
(3).MiM',M2t'' G ^(i^O- 

- W{H') = {A + 2){B + 2)(C + l)iV - 4(A + S + C + l)N. 

Then 

- W{H')] = {3ABC + 5AB + 5BC + 5AC)N > 0. 
Subcase 3.3: \{uiu' ,U2v' ,U3w'} fl E{H')\ = 3, and N is fixed. 
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Denote this kind of subset of as I-L'^ 



W{H) - W{H') = {A + 2){B + 2){C + 2)N - A{A + B + C + 2)N. 

Then 

^ [W{H) - W{H')] = {ABC + 2AB + 2BC + 2AC)N > 0. 

Subcase 3.4: \{uiu' , U2v' , Usw'} fl E{H') \ = 0, and is fixed. 
Denote this kind of subset of Tif^^ as Tif^^K 

W{H) - W{H') = {A + 1){B + 1)(C + 1)N - {A + B + C + 1)N. 

Then 

J2 [W{H) - W{H')] = {ABC + AB + BC + AC)N > 0. 

After summing all above results in Case 3 we have 

J2 [W{H) - W{H')] = J2 [^(^) - ^{H')] > 0. 

By the assumption of this Lemma, there is at least one TU-subgraph H' with 
y45 > 1 or BC > 1 or AC > 1, thus we can get 

3 

^.{G)-v..{G') = J2 wiH)- J2 mH') = E( E ^(^)- E ^(^')) > o. 

■ 

Remark. If ti ^0,t2^ 0, ^ 0, then 

3 3 

M{G3{suti; S2, t2\ S3, h)) = M{G^{0, 1; 0, 1; Y.^i ' 2))- 

4=1 i=l 

Similar to the prove of Lemma 13. 3[ we have the the following Lemma. 
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Lemma 3.4 (1). For a graph 

Gi{si,ti] S2,t2] Sz,tz] Si,ti) e Qi{si,ti; S2,t-2] Sz^H] Si,ti), 

which satisfies ti > 1,^2 ^ 1,^3 > li^4 > 1; without loss of generality, assume 
Uiu[,U2U2, u^u'^, u^u'^ are pendent edges of (^4(51, ti; S2) Sa, t^\ S4, t4). After remov- 
ing all pendent edges or pendent paths of lengths 2 except Uiu[,U2U2,U3u'^ from vertices 
ui,U2,U3 to vertex U4, we obtain G4{0,1; 0,1; 0,1; Y^'^^^Si, Y^'^=iti — Then 

4 4 

(Pi{G4{si,ti; S2,t2; S3,t3; S4,t4)) > (pi{G4{0,l;0,l;0,l;'^Si,'^ti -3)). 

i=l i=l 

(2). For a graph 

Gi{si,ti; S2, ^2; S3, ^3; S4, ^4) e G4{si, ti; S2, ^2; S3, t3; S4, f4), 

which satisfies ti = 0,t2 > 1,^3 > 1,^4 > 1, without loss of generality, assume 
U2U2, u^u'^, u^u'^ are pendent edges of ^4(81, ti; 82, ^2; S3, t-i,; S4, ti). After removing all 
pendent edges or pendent paths of lengths 2 except U2u'2,U4u'^ from vertices ^2,^4 to 
vertex us, we obtain G4(0, 1; 0, 1; X^^^^ Si, Yl^^i U — 2; 0, 1). Then 

4 4 

(^i(G'4(si, ti; S2, ^2; S3, ^3; S4, ^4)) > (Pi{G4{0, 1; 0, 1; ^ Si, - 2; 0, 1)). 

i=i i=i 

For a graph 

G4{si,ti; S2,t2; S3, ts; 84,14) e ^4(51, ii; S2, ^2; S3, ^3; S4, ^4), 

which satisfies ti = 0,^2 = 0, ts > l.t^ > 1, without loss of generality, assume 
u^u'^, Uiu'i are pendent edges of 6*4(51, ti; S2, ^2! S3, ^3; S4, ^4). After removing all pen- 
dent edges or pendent paths of lengths 2 except M3M3 from vertices to vertex U4, we 
obtain 6^4(0, 0; 0, 0; 0, 1; Ylt=\ Si=i U-^)- Then 

4 4 

</'j(G'4(si,ti; 52,^2; S3, t3;s4,^4)) > ((^4(0, 0; 0, 0; 0, 1; ^ s^, - 1)). 

i=i i=i 

Remeirk. If ii, ^2, ^3, ^4 > 1, then 

4 4 

M(G'4(si, ii; S2, ^2; S3, ^3; S4, ^4)) = M(G'4(0, 1; 0, 1; 0, 1; ^ s„ ^ - 3)). 

i=i i=i 
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If h = 0, t2 > 1, ^3 > 1, ^4 > 1, then 

4 4 

M{G^{si, h; S2, ta; S3, h; S4, ^4)) = M{G^{0, 1; 0, 1; ^ s^, ^ - 2; 0, 1)). 

i=l i=l 

If ti = t2 = 0, > 1, ^4 > 1, then 

4 4 

M(G4(si, ti; S2, ta; S3, ^3; S4, ^4)) = M(G4(0, 0; 0, 0; 0, 1; ^ s„ ^ - 1)). 

i=l 1=1 

For any graph G and v G let (5g|?;(^) be the principal submatrix of Qg{x) 

obtained by deleting the row and column corresponding to the vertex v. Similar to 
the proof of Theorem 1 1 . 5 1 and Theorem II .61 we can prove the following three lemmas. 

Lemma 3.5 If G = Gi\u : G2\v, then Qg{x) = Qgi{x)Qg2{x) - Qgi{x)Qg2\v{^) ~ 

QG2ix)QGi\uix). 

Lemma 3.6 If G be a connected graph with n vertices which consists of a subgraph 
H{V{H) > 2) and n — \V{H)\ pendent vertices attached to a vertex v in H, then 
Qg{x) = {x- l)("-I^WI)gH(a;) - {n - \V{H)\)x{x - l)("-l^(^)l-i)Qj^|,(x). 

Lemma 3.7 If G be a connected graph with n vertices which consists of a subgraph 
H{y{H) > 2) and ""1^^-^^ pendent paths of length 2 attached to a vertex v in H , 
denote ^dWl = k, then QGix) = (x^ - 3x + ifQnix) - kx{x - 2){x'^ - 3x + 
1)''-'QhUx). 

Let fix) = Er=o(-l)'«ia;"-\(7(x) = Er=o(-l)'«ia;'"-^ > 0,6, > 0. Then 
it is easy to see f{x)g{x) = f{x) = J2T=o('~^)''Yli=o^i^k-iX"'~^"^~^ has coefficients 
alternate with positive and negative. 

Denote 

Gl = 6*3(0, 0; 0, 0; m - 2, n - 2m + 1), 
Gl = 63(0, 1; 0, 1; m - 3, n - 2m + 1), 

and 

Gl = Ga{0, 0; 0, 0; 0, 0; m - 2, n - 2m), 
Gl = 64(0, 0; 0, 0; 0, 1; m - 3, n - 2m + 1), 
Gl = 64(0, 0; 0, 1; m - 3, n - 2m; 0, 1), 
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G\ = G4(0, 1; 0, 1; 0, 1; m - 4, n - 2m + 1). 

By using Lemma 13.61 and Lemma 13.71 we can compute the signless Laplacian 
polynomials of several special ra-vertex unicyclic graphs with fixed matching number 
m. For convenience, write Qg{x) as Q{G,x). 

Q(Gl, X) = {X^ -3X + _ ^)(n-2m+l) [^5 + (_§ _ ^ + ^)^4 ^ ^_q^^ + 22 + 

Qn)x^ + (9m - 25 - 10n)x^ + (12 + 3n)x - 4], 

Q{Gl x) = {x^ -3x + l)("-3)(x - + (_9 _ ^ + m)x^ + (-8m + 27 + 

8n)x^ + (18m - 36 - 19n)x^ + (24 + Un - 9m)x^ + (-12 - 3n)x + 4], 

Q{Gl,x) = (x2-3x + l)(™-3)(x-l)("-2"-i)x(x-2)[x5 + (-8-n + m)x^ + (-7m + 
22 + 7n)x^ + (14m - 25 - 15n)x2 + (10 + lOn - 6m)x - 2n], 

Q{Glx) = (x2-3a; + l)(™~=^)(x-l)("-2™+i)x[x^ + (-8-n + m)a;3 + (-7m + 20 + 
7n)x^ + (12m - 17 - 13n)x + An], 

Q{Gl, x) = (x^ - 3x + l)(™-4) (x - l)("-2'»-i)x(x2 - 4a; + 2) [x^ + {-9-n + m)x^ + 
(27 + 9n- 9m)x^ + (26m - 33 - 27n)x^ + (32n - 26m + U)x'^ + {-Un + 6m)x + 2n], 

Q{Gl, x) = (x^ - 3a; + lY'^'^^x - l)("-2m)^(^^2 _ 43, + 2)[a;^ + (-11 - n + m)x^ + 
(lln - 11m + A3)x^ + (-43n + 42m - 74)x^ + (50 + 74n - 66m)x^ + (-56n + 38m)a;2 + 
(—8 + 18n — 6m)x — 2n]. 

Then we have 

Q{Glx)-Q{Glx) 

= (X^ - 3X + lY'^-'^^X - l)("-2m)^^^^) (^i^ 

where -Fi(x) = —{n — m — 3)x^ + {3n — 3m — ll)x^ — (n — 13)x^ — 4x. 

If n — m < 2 and < 12, it is obvious that Eq.(l) is a polynomial on x with 
order n — 2, and each factor of Eq.(l) is a real polynomial with alternate coefficients 
on positive and negative, assume Eq.(l) = Y17=2i~^y^i^"~^' where > for i = 
2, 3, ■ ■ ■ , n - 1. Notice that = (pi{Gl) - (pi{Gl) > 0, thus (pi{Gl) > (fiiGj) in this 
case. If n = 6,m = 3, then Eq.(l) = — 2x'^ + 7x^ — 4x = X]^=3(~1)*'^«^^~N where 
Oj > 0. Since Oj = y:>i{Gl) — ipi{Gl), thus '^i{Gl) > fi{Gl) in this case. For other 
case, it is easy to find that all the signless Laplacian coefficients of Gl and G| are not 
comparable. 

And, 

Q{Gl,x)-Q{Glx) 
= (x2 - 3x + lY'^-^^x - lY''-^"'-^hF2{x) (2) 
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where ^2(2;) — — {n — 111 + 4)x^ + (3n — 3m + 6)x^ — (n + 3)x. 

By the fact n > m, in a similar way to the above discussion, it is easy to see 
^i{G\) > ipi{G'l), and for i = 2, 3, • • • ,n — 1, the inequahty is strict. 

And, 

Q{Gl,x)-Q{Gi,x) 
= (x^ -3x + (x - -Ax + 2)Fs(x) (3) 

where -^3(0;) = x^ — {n—m+6)x^ -\-{5n—5m+16)x^ — {7n—6m+25)x^ + {2n+22)x'^ —8x. 

Similarly, (pi{GD > (pi{Gf) holds, and for i = 2,3, • • • ,n — 1, the inequality is 
strict. 

Furthermore, 

Q{Gix)-Q(Glx) 
= {x^ -3x + l)("^-5)(a; - l)("-2"»)xF4(a;) (4) 

where ^4(0:) ^{n-m- 4)x^ - (lOn - 10m - 42)x^ + (37n - 36m - 170)a:^ - (63n - 
56m - 338)x^ + (51n - 36m - 345)x=^ - (20n - 9m - ITl)^^ + (3n - 33)x. 

When n = 8, by using Matlab 7.0, ipi{Gl) > (pi{Gi) holds. When n = 9, 10, by 
using Matlab 7.0, we can find that all the signless Laplacian coefficients of Gl and Gf 
are not comparable. If n > 11, and at least one of the following statements holds: 

(1) . m > 4, n — m > 7. 

(2) . m > 5, n — m > 6. 

(3) . m > 7,n — m > 5. 

In a similar way to the above discussion, it is easy to see (pi{Gf) > ipi{G'l), and for 
i = 2,3, • • • ,n — 1, the inequality is strict. For other case, we claim that all the 
signless Laplacian coefficients of Gl and Gf are not comparable. 

Remcirk. For a fixed value n, and for an arbitrary graph Hi e Gsin) and an 
arbitrary graph H2 G ^4(71), all the signless Laplacian coefficients of Hi and H2 are 
not comparable. Since </7„(i?i) = 4, </?„(iJ2) = 0, but </?„_i(i?i) = 3n, (pn-i{H2) = 'in. 

For fixed values n and m, and for arbitrary graphs Ui G ^3(n, m), U2 G Q^{n,m), 
it is easy to see that (pn-iiUi) < ipn-i{U2), fniUi) > ipn{U2), then Hi and H2 are not 
comparable with regard to all the signless Laplacian coefficients. 
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4 The Signless Laplacian coefficients of unicyclic graphs in 

Q{n, m) 



Theorem 4.1 In the set of all n-vertex unicyclic graphs in Qg^{n,m), then 

(1) . 1/771 = 2, then Gl has minimal all the signless Laplacian coefficients. 

(2) . If 71 — 771 < 3 and 6 < n < 12,m > 3, G| has minimal all the signless 
Laplacian coefficients (pi,i = 0,1,2, ■■ ■ , 7i. 

(3) . If 71 — 7n > 3,771 > 3 or 71 > 12,771 > 3, Gl and G^ are two extremal graphs 
which have minimal signless Laplacian coefficients (pi,i = 0,1,2, ■■■ ,n in Qg^{7i, m). 
Furthermore, G^ and Gf can not be compared. 

Proof. For n = 5, the matching numbers of all unicyclic graphs in Qgj^{7i, m) are 2, so 
by using Matlab 7.0, we have G^ has minimum all the signless Laplacian coefficients 
in Qg-^{5,m). Next assume n > 6. 

For fixed values n, m, let G be an arbitrary graph in {n, m). Let M{G) denote a 
maximum matching of G containing the most pendent edges. Now we need to prove 
after series of transformations, G will become to U' and U' has minimum signless 
Laplacian coefficients in Qg^{n,7n). 

Step 1: When there is a pendent path uiU2 ■ ■ - Uk oi length at least 3 in G, where 
d{ui) > 3,d{u2) = d{u3) = ■■■ = d{uk-i) = 2,d{uk) = 1 and k > 3. Assume 
Uk--iUk~2 £ M{G), since Eulzluk^2 ^ M{G) = 0, after performing the transformation 
of Definition [O to Uk-3Uk-2, we have M{G) = M(G„^_3„^_J, thus Gui,_^Uk-2 ^ 
Qg^{n,7n), and (pi{G) > ^i{Gu^_^uu-2)^ i = 2, 3, ■ ■ ■ , - 1 by Theorem O 

After performing transformations in Step 1 consecutively, we have that the graph 
in which each pendent path has length at most 2 has smaller signless Laplacian 
coefficients in Qg^{n,m). 

Step 2: For -u G {m : dist{u,G) > dist{u' ,G),d{u),d{u') > 3}, f is a neighbor of 
u, which satisfies dist{u, C) — 1 = dist{v, C). 

Case 2.1: When there is a pendent edge uu' at u, then after performing the 
transformation of Definition 12.31 to uv, we have M{G'^^) = m ot m + 1. If M{G'^^) = 
m + 1, then by the transformation of Definition 12.11 to ww', we get a connected 
unicyclic graph U with M{U) = m, then by Theorem 12.21 and Theorem 12.41 ^i{G) > 
<^i{G'^^) ><^i{U),i = 2,3,- ■■ ,77-1. If M {Guv) = m, then by Theorem <^i{G) > 
^i{G'uv)^^ = 2,3, ■■■ ,n - 1. 

Case 2.2: When all pendent paths at u have lengths 2, then after performing 
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the transformation of Definition 12.11 to uv, by the fact E'!^^ fl M{G) = 0, we have 
M{G) = M{Guv), and ipi{G) > ip^{Guv), z = 2, 3, ■ ■ ■ , n - 1 by Theorem [221 

After performing Step 2, the distance between the furthest branch vertex from the 
cycle C and C will be decreased. By performing transformations in Step 2 consec- 
utively, it turns out that Gg-^{si,ti] ^2,^2, ■ ■ ■ , ^gn'^gi) has smaller signless Laplacian 
coefficients in Qg^{n,m). 

Step 3: When g{G) > 5, we distinguish this case into the following two cases. 

Case 3.1: If the edge UiUi+i on the cycle belongs to M(G), then by the assumption 
of M{G), ti = = holds, by performing the transformation of Definition 12.51 to 
Mj, Mj+i, Mi+2, we have M{G) = M{G') and v^i(G') > {pi{G'),i = 2,3, ■ ■ ■ ,n — 1 by 
Theorem [2H 

Case 3.2: If ti = tj+i = 0, and UiUi^i ^ M{G). This case will not occur, sice 
M{G) U UiUi^i is also a matching of G, a contradiction to the assumption of M{G). 

Case 3.3: Assume tj+i 7^ 0, is a pendent edge at Uj+i and Ui^iu[j^i G 

M(G). We distinguish this case into the following three cases. 

Assume that 7^ 0, when tj_|_2 = 0, by performing the transformation of Defini- 
tion [2]5] to Ui,Ui+i,Ui+2, we get G' with M{G) = M{G'), and '{)i{G) > (pi{G'),i = 
2,3,-- - ,n — 1 by Theorem 12.61 When ti^2 7^ 0, after performing the transfor- 
mation of Definition 12.71 to Wj, Wj+i, Uj_(.2, we get G' with M{G) = M{G'), and 
i^i{G) > (fi{G'),i = 2,3, ■■■ ,n - 1 by Theorem 

Assume tj = 0, Sj 7^ 0, we perform the transformation of Definition 12.11 to the 
edge UiUii which is incident to Ui and belongs to the pendent path of length 2 at 
Ui. Then by the fact n M{G) = 0, we have M{G) = M{Gu,ua), and ifi{G) > 

Vi{Gu,u,^),i = 2,3, ■ ■ ■ ,n - 1 by Theorem^ 

Assume ti = Si = 0, when ti+2 7^ 0, by performing the transformation of Defini- 
tion l2.5l to Ui, Mj+i, Mi+2, we have M{G) = M{G') and fi{G) > ipi{G'),i = 2, 3, ■ ■ ■ , n— 
1 by Theorem 12. 6[ When tj_|_2 = 0, by performing the transformation of Definition [53] 
to Ui, Mj+i, Mi+2, we have M{G) = M{G') + 1, then by performing the transformation 
of Definition 12.11 to MiWi+i of G' , we can get a connected unicyclic graph W with 
M{W) = M{G), and ipi{G) > ^i{G') > ipi{W),i = 2,3, ■■■ ,n - 1 by Theorem M\ 
and Theorem 12. 2[ 

Therefore, after taking Step 3, we have U' G ^3(71, m). Then by Lemma 13.2^ 
Lemma [3.31 and the discussion of Section 3, thus if m = 2, U' = G^. If n — m < 3 
and Q < n < 12,m > 3, U' = Gj. If n - m > 3,m > 3 or n > 12,m > 3, U' = Gl 
or U' = Gl, and Gl, G^ are not comparable with respect to all the signless Laplacian 
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coefficients. ■ 

Similar to the proof of Theorem 14.11 we have the following theorem. 



Theorem 4.2 In the set of all n-vertex unicyclic graphs in Qg^{n,m), then 

(1) . If m = 2, then G\ has minimal all the signless Laplacian coefficients. 

(2) . Ifm = 3, then G\ has minimal all the signless Laplacian coefficients. 

(3) . If m > A, and n = ^, G\ has minimal all the signless Laplacian coefficients 
^Pi,i = 0, 1,2, ■ ■ ■ ,n. 

(4) . If m > A,n > 11, and n — m > 7 , or m > 5,n > 11, and n — m > Q, 
or m > 7,n > 11, and n — m > 5, then G\ has minimal all the signless Laplacian 
coefficients y^j, i = 0, 1, 2, ■ ■ ■ , n. 

(5) . For other cases which n,m satisfy, G\ and G\ are two extremal graphs which 
have minimal signless Laplacian coefficients (pi,i = 0,1,2, ■■■ ,n in Qg.^{n,m). Fur- 
thermore, G\ and G\ can not he compared. 

The proof is left to the reader. 

Remark. From the discussion in Section 3, the extremal graphs with respect to all 
the signless Laplacian coefficients in Qg^ {n, m) and Qg^ {n, m) can not be compared. 

By Theorem 11.31 and Theorem 14.11 Theorem 14. 2[ we obtained the following two 
corollaries. 

Corollary 4.3 If m = 2, then for G G Qg^{n,m), we have IE{G) > IE{G\). with 
equality if and only if G = G\. If m> 3, then for G G Qg^{n,m), we have IE{G) > 
mm{IE{Gl),IE{Gl)}, with equality only if G ^ G\ or G ^ G^ 

Corollary 4.4 If m = 2, then for G G Qg^{n,m), we have IE{G) > IE{G\). with 
equality if and only if G = G\. If m = 3, then for G G Qg^{n,m), we have IE{G) > 
IE{Gl). with equality if and only if G = G\. If m > A, then for G G Qg,^{n,m), we 
have IE{G) > min{IE{Gl), IE{Gl)}, with equality only if G ^ Gj or G ^ G\. 

5 The Signless Laplacian coefficients of unicyclic graphs in 

G{n) 

For convenience, denote 6^3(0, 0; 0, 0; 0, n— 3) as 6*3, and denote 6*4(0, 0; 0, 0; 0, 0; 0, n— 
4) as SI 
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Theorem 5.1 In the set of all n-vertex unicyclic graphs in ^g^(n), S'^ has minimum 
signless Laplacian coefficients ipi,i = 0,1,2, ■■■ ,n — l,n. 

Proof. For n = 5, S'^ minimize all the signless Laplacian coefficients. This result can 
be obtained by using Matlab 7.0. 

For n > Q, let G be an arbitrary graph in Qg^{n). We need to prove after series 
of transformations, G will become to S'^ and 5*3 has minimum signless Laplacian 
coefficients in Qg-^{n). 

Step 1: When there is a non-pendent edge uv which is not on the cycle. By 
performing the transformation of Definition 12.11 to uv, we have Guv G Qgi{n), and 
^i{G) > fi{Guv), i = 2,3, ■ ■ ■ ,n — 1 hy Theorem 12. 2[ 

After performing Step 1 consecutively, we have that Ggj^{0, ti;0,t2; ■ ■ ■ ; 0, tg-^) has 
smaller signless Laplacian coefficients in ^^^(n). 

Step 2: When g{G) > 5, by performing the transformation of Definition 12.51 to 
Ui, Mj+i, Mi+2, we have ^i{G) > (pi{G'),i = 2, 3, ■ ■ ■ , n — 1 by Theorem 12.61 Then by 
performing the transformation of Definition 12.11 to the new pendent edge Ui+iUi+2, a 
new graph with smaller signless Laplacian coefficients is obtained by Theorem 12.21 

Therefore, after taking Step 2 consecutively, we obtain the extremal graph with 
minimal signless Laplacian coefficients which must belong to Qsin). Then by Lemma [3AI 
Lemma [3.41 and the discussion of Section 3, thus 5*3 is the resulting graph which has 
minimum signless Laplacian coefficients in Qg-^{n). ■ 

Theorem 5.2 In the set of all n-vertex unicyclic graphs in Qg2{n), 6*4 has minimum 
signless Laplacian coefficients (pi,i = 0,1,2,-- - ,n — l,n. 

Proof. For n = 5, S'^ is the unique graph Qg2{5), so it has the minimum signless 
Laplacian coefficients in (5)- 

For n > 6, let G be an arbitrary graph in Qg2{n). The method in the proof of 
Theorem 15.11 can be used to prove this result similarly. ■ 

Remark. From the discussion in Section 3, the extremal graphs S'^ and 5*4 with 
respect to all the signless Laplacian coefficients in Qg^in) and (^) can not be 
compared. 

By Theorem 11.31 and Theorem 15.11 Theorem 15.21 we obtained the following two 
corollaries. 
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Corollary 5.3 In the set of all n-vertex unicydic graphs in Qgi{n), S'^ is the unique 
graph with the minimal IE. 

Corollary 5.4 In the set of all n-vertex unicyclic graphs in Gg2{'n), S!^ is the unique 
graph with the minimal IE. 
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